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Abstract
In this paper, we use the singular terms in Williams’ solution to quantify the beha-
viour at the edge of a complete (i.e. sharp edged) contact. To do this, we define two
alternative parameters from the generalized stress intensity factors to bring out an
internal length dimension from the solution. We then obtain an order of magnitude
estimate of the extent of slip and/or separation when these remain near to the contact
edge. When larger slip or separation lengths are implied, we derive only qualitative
implications. Finally, we apply this analysis to an example problem.
Keywords: Asymptotic approaches; complete contacts; fretting fatigue; mode mix-
ity; Williams’ solution
1 Introduction
The two most commonly occurring types of contact are incomplete and complete. The former are
exemplified by the Hertzian contact [1] and are usually amenable to half-plane or half-space theory.
This means that the contact problem may be solved without considering what happens distant from
the interface because the contact solution is substantially independent of the rest of the structure in
the hinterland. Furthermore, if the bodies are elastically similar, the problem is uncoupled: that is,
normal loads give rise only to normal tractions, and shear loads give rise only to shear tractions.
Lastly, at least for the plane form of the problem, the procedure for determining the mixture of
stick and slip zones that result from shear is well known. The Cattaneo solution [2] for the Hertz
contact was the first of these solutions, and since then there have been many generalisations of the
results and procedure [3–7].
Alas, complete contacts (i.e. sharp edged contacts) have none of these attributes; the state
of stress in the neighbourhood of the contact cannot, formally, be treated independently of what
arises in the rest of the body, there is a large degree of coupling, and there is no straightforward
way to solve for the contact tractions or the mix of stick and slip that will arise. Thus, it is usually
necessary to employ numerical methods to solve the problem, and this will give rise to the usual
difficulties in attaining convergence near the contact edge, particularly if slip occurs in this region.
∗Corresponding author: R.C. Flicek. Email: robert.flicek@eng.ox.ac.uk.
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Figure 1: An idealized diagram of a clamped cantilever test rig.
Our motivation for studying complete contacts comes from their practical occurrence in some
engineering components, e.g. shaft splines in aero-engines, and the difficulty in accurately assess-
ing their performance, especially when subjected to fatigue conditions. In general, the first steps
in predicting a contact’s performance are: i) to identify the region of the contact interface where
failure typically initiates and ii) to determine the contact behaviour and stress state in the vicinity
of this region. For complete contacts, such as the clamped cantilever shown in Figure 1, failure
commonly initiates near the sharp corner formed at the contact edge [8, 9]; therefore, an accurate
description of corner behaviour is required. But as it is often difficult to obtain sufficient accuracy
near the contact edge using numerical methods (e.g. the finite element method), it is often best to
use an asymptotic approach [10].
To determine which asymptotic form is appropriate, the behaviour at the contact edge must be
known. The three most likely conditions to arise at the edge of a complete contact are shown in
Figure 2, which are: a) closed and stuck, b) closed and slipping (leading edge), and c) open and
slipping (trailing edge). Asymptotic solutions have already been presented in the literature that
describe each of these with a high degree of accuracy. The simplest of these is of course when the
contact edge region is closed and stuck (Figure 2(a)). Under these conditions, the displacement
field across the contact interface is continuous, so a bilateral model1 can be used. When the con-
tacting bodies are elastically similar, Williams’ solution [11] for a (semi-infinite) monolithic notch
is the relevant bilateral solution. If the bodies are not elastically similar, the Bogy solution [12, 13]
must be used instead. However, we consider only the elastically similar case here.
For the other two types of contact behaviour (Figure 2(b),(c)), the distributed dislocation tech-
nique [14] can be used to enforce the unilateral contact conditions. This approach enables the
true extent of slip and/or separation at the contact edge to be calculated (i.e. it accounts for the
redistribution of contact tractions resulting from slip and/or separation). This procedure involves
performing a numerical inversion of Cauchy singular integral equations, which can be a rather in-
volved process and must be carried out separately for each contact angle, φ, where φ is defined in
Figure 2(a). Nevertheless, this has been done for the closed and slipping case for contact between
a quarter-plane and an elastically similar half-plane by Churchman and Hills [15]. More recently,
the open and slipping case has also been solved for the same problem by Paynter et al. [16].
1Here, bilateral is meant in the sense that the interface can transmit both tension and compression, so the
solution varies linearly with the applied loads. In contrast, with a unilateral model, the interface can only
support compression and separates when subjected to tension.
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Figure 2: Idealized diagrams of the three most likely types of contact edge behaviour:
a) closed and stuck, b) closed and slipping (leading edge), c) open and slipping (trailing
edge). The contact angle, φ, and the distance along the contact interface, x, are also
shown.
Here, we present a more modest approach for describing the behaviour at the edge of a com-
plete contact, but which is very easy to apply and hence to use in practice. The primary output of
this analysis is information on which of the three types of contact behaviour will arise, including
detailed information on when transitions in behaviour will occur (e.g. from Figure 2(a) to Fig-
ure 2(c)). If slip and/or separation are implied to occur near the contact edge, we also obtain an
order of magnitude estimate of their extent based on violations of the Signorini conditions (i.e. we
do not account for the redistribution of contact tractions). When larger slip or separation extents
are implied, we derive only qualitative implications. Note that although the basic formulation
described in this paper is applicable to complete contacts with arbitrary edge angle, we will partic-
ularize the solution to the φ = 90◦ case at various points to facilitate interpretation of the results.
We will also frequently apply these results to the clamped cantilever shown in Figure 1 to illustrate
the deductions that can be made.
2 Williams’ solution
Let us begin by considering the simplest contact behaviour, i.e. when the contact is closed and
stuck as in Figure 2(a), so we may assume the bilateral contact condition. In this situation, if we
‘zoom in’ arbitrarily close to the contact edge, eventually it will begin to look like a semi-infinite
notch, such as that shown in Figure 3. Thus, if the bodies are elastically similar, we can use
Williams’ solution [11] to describe the stress state in this region. See Barber’s book [17] for an
extended explanation of the form of the solution. Here we merely quote the result that the stress
state in this region may be written in the form
σij(r, θ) = KIr
λI−1f Iij(θ) +KIIr
λII−1f IIij (θ)
+ bounded terms
(1)
with respect to the polar coordinate set (r, θ) shown in Figure 3, and where i, j ∈ {r, θ}. In this
expression, the mode n generalized stress intensity factor is denoted Kn, where n ∈ {I, II}, and
the corresponding eigenvalue and angular eigenfunctions are denoted λn and fnij(θ), respectively.
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Figure 3: An idealized diagram of the contact edge of a complete contact, where (r, θ) is
a polar coordinate set, θint is the angle corresponding to the contact interface, and 2α is
the total angle included within the notch.
Finally, if we assume the plane strain condition, then
σzz = ν(σrr + σθθ), (2)
where ν is Poisson’s ratio.
Williams’ solution represents the stress state at the contact edge as the superposition of two
eigenfunction series expansions, which correspond to symmetric (mode I) and anti-symmetric
(mode II) terms. Although both of these extend over an infinite number of terms, only the first
term in each of these may imply an elastic stress singularity as r → 0. Specifically, the first term in
the mode I expansion is singular for all contacts (i.e. for 0◦ < φ < 180◦), whereas the first term in
the mode II expansion is singular for 77.4◦ < φ < 180◦ and is bounded for 0◦ < φ < 77.4◦. As
we are specifically interested in the contact edge region where these singular stresses will dominate
behaviour, we neglect all higher order (bounded) terms. The eigenvalues corresponding to these
(potentially) singular terms are given by the lowest roots of the following equations
λI sin 2α+ sin 2αλI = 0 (3a)
λII sin 2α− sin 2αλII = 0, (3b)
where 2α is the total included angle in the notch (see Figure 3). Note that hereafter when we refer
to the mode I or mode II eigensolutions or to Williams’ solution itself, we are referring only to
these two terms, i.e. the first term in the series expansion for each eigensolution.
The full expressions for the angular eigenfunctions are given in Appendix A, but here we
simply note that we have normalized these such that f Iθθ(0) = 1 and f
II
rθ (0) = 1. Furthermore, the
angular eigenfunctions have the property that they uncouple along the bisector, i.e. that f Irθ(0) = 0
and f IIθθ (0) = 0, so we can define the generalized stress intensity factors as
KI = lim
r→0
σθθ(r, 0)r
1−λI (4a)
KII = lim
r→0
σrθ(r, 0)r
1−λII . (4b)
Note that whereas the eigenvalues, λn, and angular eigenfunctions, fnij , are fully determined by the
notch angle, 2α, the generalized stress intensity factors, KI ,KII , depend on the finite geometry
of the problem and the way the remote loads are applied; hence, they must usually be determined
using numerical methods, e.g. the finite element method. One way to calculateKI ,KII is to use a
bilateral model of the contact geometry to determine the stress state resulting from the individual
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Figure 4: Plots showing: (a) the eigenvalues, λI , λII , against contact angle, φ, and (b) the
traction ratios implied by the angular eigenfunctions, gIrθ, g
II
rθ , against contact angle, φ.
application of each applied load. These stresses can then be used with equation (4) to obtain a
‘calibration’ for the generalized stress intensity factors, i.e. the values of KI ,KII resulting from
each applied load. Of course, many other techniques can also be used, e.g. [18].
To model contacts, we now adopt a more convenient notation by replacing 2α with 180◦ + φ.
In other words, we consider contact between a sharp wedge of interior angle φ and a half-plane (i.e.
a notch of interior angle 180◦) as shown in Figure 2(a). We emphasize that this is not an accurate
representation of the overall finite geometry under consideration, e.g. the clamped cantilever in
Figure 1. Instead, it only represents the region near the contact edge where the singular terms in
Williams’ solution dominate the stress state.
2.1 Properties of the eigensolutions
The strength of the singularity of the stress field implied by each eigensolution, λI − 1, λII − 1, is
plotted against punch angle, φ, in Figure 4(a). This figure makes immediately clear that the mode I
eigensolution is more strongly singular than the mode II eigensolution, i.e. 1/2 < λI < λII , for
all φ. The only exception corresponds to the limiting case of an edge crack, i.e. φ = 180◦, when
both eigensolutions are square-root singular, but we immediately drop consideration of this case.
2.1.1 The mode I eigensolution
Suppose now that we have a contact subjected to some arbitrary mixed-mode loading, i.e. loading
that excites both mode I and mode II eigensolutions. In this situation, if we move our observation
point arbitrarily close to the contact edge, we will always be able to find a region where the mode I
eigensolution dominates the characteristic of the stress state. This is a direct implication of the
mode I eigensolution being more strongly singular than the mode II eigensolution.
In this region near to the contact edge where the mode I eigensolution dominates behaviour
(see section 2.2 for a definition of ‘near’), we can describe the stress state by neglecting the influ-
ence of the mode II eigensolution (and all higher order terms). In this way, we can write out the
ratio of the normal and shear tractions near the contact edge as
q(x)
−p(x) =
σIrθ(x, θint)
σIθθ(x, θint)
=
f Irθ(θint)
f Iθθ(θint)
≡ gIrθ, (5)
where x is a distance coordinate along the interface (Figure 2(a)) and θint is the angle correspond-
ing to the interface (Figure 3), which is given by θint = 12(180
◦ − φ). Notice that we define the
contact pressure, p(x), to be positive in compression, i.e. p(x) = −σθθ(r, θint).
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From equation (5), we obtain the useful result that the traction ratio near the contact edge, gIrθ,
is independent of the finite geometry of the problem and depends solely on the angular eigenfunc-
tions [19]. After simplifying the resulting expression, we can write the traction ratio as
gIrθ =
sin θ+i − sin θ
+
e
sin θ−e
sin θ−i
cos θ+i − cos θ
+
e
cos θ−e
cos θ−i
, (6)
where
θ−i = (λn − 1)θint θ−e = (λn − 1)θext (7a)
θ+i = (λn + 1)θint θ
+
e = (λn + 1)θext, (7b)
with n = I in equation (7) and where θext ≡ α = 12(180◦ + φ). In Figure 4(b), we plot gIrθ over
the range of contact angles, φ, and we see that it is a monotonically decreasing function of φ.
Recall that in our analysis thus far, we have assumed the bilateral contact condition, which, in
part, implies that separation does not occur at any point along the interface. For this condition to be
met, the contact pressure must be compressive (i.e. p(x) > 0), and this implies the conditionKI <
0. Solely from consideration of the angular eigenfunctions, we find that KI < 0 is consistent with
leading edge shear tractions alone (i.e. with q(x) < 0), such that the contact defining body slips
outwards as in Figure 2(b). This implies the strong conclusion that if closure is maintained, only
leading edge slip is possible at the contact edge.2
If separation is implied near the contact edge, the concept of ‘contact tractions’ in this region
is meaningless. Nevertheless, we note that when KI > 0, the angular eigenfuctions imply tensile
normal tractions (and hence separation) and trailing edge shear tractions, such that the contact
defining body separates and slips inwards as in Figure 2(c).
2.1.2 The mode II eigensolution
Recall that the mode II eigensolution is less strongly singular than the mode I eigensolution.
Hence, whereas the mode I eigensolution controls behaviour at the contact edge, the mode II
eigensolution exerts its strongest influence at a distance somewhat further away from the contact
edge. At this point, it is important to emphasize that the entire formulation we have adopted is only
valid in the vicinity of the contact edge where the singular terms in Williams’ solution dominate
the stress state; indeed, as the observation point moves further from the contact edge, the neglected
higher order (bounded) terms will have an increasing influence on contact behaviour.
Let us, again, consider a contact subjected to some arbitrary mixed-mode loading. Further-
more, let us imagine that there exists a region somewhat remote from the contact edge where the
mode II eigensolution entirely dominates the state of stress (see §2.2 for a definition of ‘remote’).
Such a region will not always exist in practice, and higher order terms in the series expansion are
likely to be important. Yet while quantitative results obtained using this remote (mode II) solution
will be nowhere near as reliable as those obtained near the contact edge (with the mode I solution),
we can still deduce useful qualitative information about contact behaviour using this approach.
Hence, we can write the traction ratio in a region where the mode II eigensolution entirely
2This assumes that the applied loads do, in fact, excite the mode I eigensolution; indeed, this remark
does not apply to a contact subjected to pure mode II loading. For example, for a contact of φ > 77.4◦
subjected to pureKII > 0 loading, closure and trailing edge slip are implied (see §2.1.2), but we emphasize
that such conditions are very unlikely to occur in practice.
7
dominates behaviour as
q(x)
−p(x) =
σIIrθ (x, θint)
σIIθθ (x, θint)
=
f IIrθ (θint)
f IIθθ (θint)
≡ gIIrθ , (8)
where
gIIrθ =
− cos θ+i + cos θ
+
e
cos θ−e
cos θ−i
sin θ+i − sin θ
+
e
sin θ−e
sin θ−i
, (9)
where the θ terms are given by equation (7) with n = II . This traction ratio, gIIrθ , is plotted against
φ in Figure 4(b). Thus we see that unlike the traction ratio near the contact edge, gIrθ, which is
positive for all contact angles, the traction ratio in this remote region, gIIrθ , changes sign when
φ = 77.4◦. Note that this change in sign of gIIrθ is associated with a change in sign of f
II
rθ , and this
coincides with the mode II eigensolution changing from being singular to being bounded (see
Figure 4(a)).
For the contact pressure to remain compressive in this remote region of the contact, we find
that the condition KII > 0 must be satisfied. Again, solely from consideration of the angular
eigenfunctions, we find thatKII > 0 is consistent with leading edge shear tractions (i.e. q(x) < 0)
for φ < 77.4◦ and trailing edge shear tractions (i.e. q(x) > 0) for φ > 77.4◦.3 If instead we have
KII < 0, separation is implied in this remote region (although this may not be the case once this
solution is applied to a practical problem, see §4). In this situation, the angular eigenfunctions
imply tensile normal contact tractions, and the sense of the shear tractions switch from leading
edge to trailing edge and vice versa.
One last feature we would like to bring attention to is the relative magnitude of the near and
remote traction ratios. From Figure 4(b), we see that gIrθ > |gIIrθ | for contact angles less than
101.7◦. Thus for these contact angles, a coefficient of friction, f , sufficient to inhibit slip near
the contact edge is also sufficient to inhibit slip remote from the contact edge (but only within the
asymptotic region, of course). However, for φ > 101.7◦, slip is likely to initiate from the interior
of the contact interface.
2.1.3 Implications of the mode I eigensolution
We now turn to the example problem shown in Figure 1 to illustrate what can be deduced from
the implications of the mode I eigensolution alone. For this problem φ = 90◦, so (gIrθ, g
II
rθ ) =
(0.543,−0.219) and (λI , λII) = (0.5445, 0.9085). Thus, given knowledge of the contact angle
alone, we can immediately deduce the traction ratio at the contact edge, gIrθ, (assuming the bilateral
contact condition). This in turn tells us the minimum coefficient of friction required to prevent edge
slip [19], and hence for the clamped cantilever this is f > gIrθ = 0.543. Notice that no details of
the finite geometry are required for this result.
Until this point we have assumed that full contact is sustained to the contact edge. Although it
may seem intuitively obvious that this assumption is valid, in some cases there may be a very small
region of separation which is hard to detect, and convergence problems with a numerical solution
may mask this. For this reason, it is more reliable to look at the multipliers on the eigensolutions
and to observe that for the normal traction to remain compressive in the corner (i.e. p(0) > 0), we
require that KI < 0. Thus, to determine if the contact edge will separate, we require calibrations
for the generalized stress intensity factors. If we choose L/a = 40 for the cantilever shown in
3Note that these shear tractions occur away from the contact edge, and the terms ‘leading edge’ and
‘trailing edge’ refer only to the sign of the shear traction, not to the region of the contact where they occur.
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Figure 1, the following calibrations result [20]{
KIa
λI−1
KIIa
λII−1
}
=
[ −0.238 16.6
0.414 14.1
]{
p0
P/a
}
, (10)
which relate to the upper corner.4 From the mode I calibrations, we see that, as intuitively ex-
pected, the clamping pressure, p0, induces closure (KI < 0). On the other hand, a positive
(downward) cantilever tip load, i.e. P > 0, excites edge-initiated separation at the top corner
(KI > 0), whereas a negative (upwards) tip load, P < 0, encourages further closure at that point.
If we use these calibrations with the condition KI < 0, we find the requirement for main-
taining closure at the upper contact edge is P/(p0a) < 0.0143. Therefore, from consideration of
the implications of the mode I eigensolution alone, we can deduce that for the bilateral contact
condition assumption to be valid near both contact edges, we require: i) that |P/(p0a)| < 0.0143
to prevent edge separation and ii) that f > gIrθ = 0.543 to prevent edge slip.
2.2 Internal length dimension
Now that we have established the conditions under which the bilateral contact condition is valid,
we wish to relax this assumption so that local separation and/or slip may occur. For this analysis, it
is helpful to introduce an alternative representation of Williams’ solution [21], which is applicable
to mixed-mode loading conditions.5 The stress state in the vicinity of the contact edges can then
be written as
σij(r, θ)
G0
=
(
r
d0
)λI−1
f Iij(θ) +
(
r
d0
)λII−1
f IIij (θ), (11)
where, d0, G0, are two alternative parameters that are given by
d0 =
∣∣∣∣KIIKI
∣∣∣∣ 1λI−λII (12a)
G0 = |KI |
λII−1
λII−λI |KII |
λI−1
λI−λII . (12b)
Note that modulus signs have been included here to ensure that it is a positive number that is raised
to a fractional power, but when we employ this formalism in the presence of a contact interface,
we will have to ensure the argument is positive by other methods (as is done in § 3).
From the above expressions, we see that d0 has units of length, whereas G0 has units of stress.
Furthermore, G0 is, in some sense, a measure of the strength of the applied loads, whereas d0 is
a measure of the mode-mixity of the applied loads. As d0 provides a length dimension within the
asymptotic solution, the range of validity of the near (§2.1.1) and remote (§2.1.2) solutions can be
defined in relation to it. Thus, the near edge (mode I) solution applies when r  d0, whereas
the remote (mode II) solution applies when r  d0. Furthermore, at intermediate lengths when
r ∼ d0, mixed-mode conditions result as neither near edge nor remote solutions dominate the
stress state. However, we remind the reader that as the observation point moves away from the
4We obtained these calibrations by constructing a two-dimensional, plain-strain, bilateral finite element
model of the cantilever geometry in ABAQUS/CAE version 6.11. With this model, we obtained the stress
state near the corner resulting from a unit application of each applied load separately. We then used these
stresses to plot the right hand side of equation (4a) ,(4b) against r to view the value to which this quantity
converged as r → 0. We also performed a mesh refinement study, i.e. we increased the fineness of the mesh
until the resulting calibrations did not change.
5This notation can only be used in mixed-mode loading conditions because d0, G0 are not defined when
either KI or KII are zero.
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Figure 5: Plots in generalized stress intensity space showing: (a) a typical loading traject-
ory where p0 is applied and held constant, and then P is applied, and (b) the values of
d0/a that result during this loading trajectory.
contact edge, (neglected) higher order terms will become increasingly important, so our most
confident conclusions must be drawn within the range r . d0, i.e. when the near edge solution is
still influential.
2.2.1 Implications of the internal length dimension
We now turn, again, to the clamped cantilever shown in Figure 1 to illustrate what we can deduce
from comparing the size of d0 to a characteristic length dimension of the finite problem: the half-
width of the specimen, a. To do this, let us continue with our assumption of a bilateral contact
condition, so we can plot the values of the generalized stress intensity factors for a typical loading
trajectory. This is done in Figure 5(a) in a plot in generalized stress intensity factor space, i.e.
KIIa
λII−1 vs. KIaλI−1 space, for a loading regime in which the clamping pressure, p0, is first
applied and held constant, and then a cantilever tip load, P , is applied. This figure also includes
other information that will be explained later on.
We illustrate the variation of d0 during the loading trajectory by plotting lines of constant
d0/a in Figure 5(b). This figure shows that when the p0 is first applied, d0/a is fixed at 0.219
(solid arrow). This is because the mode-mixity associated with any single applied load is fixed
(see equation (10)). In contrast, once P is then also applied and varied over the range −0.05 <
P/ap0 < 0.05, we see that d0 varies significantly, and this is due to the resulting variation in
mode-mixity of this combination of applied loads.
Now let us consider what can be deduced from the value of d0/a at various points in the
loading trajectory. Let us begin from the point when P/ap0 = −0.05 where d0/a = 35.6. When
d0/a is as large as this (i.e. d0  a), it follows immediately that the contact is effectively under
pure mode I loading. This is because the remote (mode II) solution is not relevant until r  d0,
which (if d0  a) does not occur until r  a (which is well outside the region where the
asymptote is relevant).
If the magnitude of P is reduced, d0 continues to increase until P/ap0 = −0.0294, which
corresponds to point (1) of Figure 5(a). Here, d0 →∞, the loading is purely mode I in character,
and thus only the near edge (mode I) solution applies. Then, as we continue varying P in this
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direction, d0 progressively decreases until point (2) is reached when P/ap0 = 0.0143. At this
point, d0 → 0, the loading is purely mode II in character, and thus only the remote (mode II)
solution applies. A further increase in P causes d0 to increase again, and at the end of this interval
d0/a = 0.174. Therefore, from consideration of the value of d0/a alone, we can deduce the
relative influence of the near edge (mode I) and remote (mode II) solutions, i.e. we can deduce
the mode-mixity of the applied loads.
3 Implications of the asymptote for contact behaviour
We now look in more detail at the solution as a whole, but we continue to restrict attention to
the φ = 90◦ case to facilitate interpretation of the results. In what follows, we will assume the
loading has been applied proportionally or, more generally, that the load path is such that, as time
progresses, any slip length remains either of fixed length or increases, and any opening length
remains either fixed or increases. Recall that KI < 0 implies edge closure and KII > 0 implies
interior closure. There are clearly four possible sign combinations of KI ,KII that may arise.
However, we immediately drop the case KII < 0 < KI because it implies opening throughout
the region, and thus the asymptote can tell us nothing (aside from this implication of significant
separation). Figure 5(a) shows that, in any case, the application of the clamping load to form the
contact drives the state of stress into the KI < 0 < KII quadrant, and the subsequent application
of shear invariably produces a trajectory with a positive slope. Hence, the state of stress never
enters the quadrant KII < 0 < KI .
3.1 Case (a): KI < 0 < KII
As just noted, these are the conditions existing under normal loading of a contact alone, and both
eigensolutions imply closure, i.e. p(x) > 0. The ratio of the contact tractions within the asymptote
can be found by specifying equation (11) along the interface, giving p(x) = −σθθ(r, θint) and
q(x) = σrθ(r, θint), as
q(x)
p(x)
= −
−
(
x
d0
)λI−1
f Irθ(θint) +
(
x
d0
)λII−1
f IIrθ (θint)
−
(
x
d0
)λI−1
f Iθθ(θint) +
(
x
d0
)λII−1
f IIθθ (θint)
 . (13)
We note that the negative sign ahead of the first term in both numerator and denominator arises
because we have replaced KI by −KI in the definition of d0 and omitted the modulus signs
(see [22] for more details).
In Figure 6(a), we plot the magnitude of the traction ratio, |q(x)|/p(x), against position within
the asymptote, x/d0. In this figure, the traction ratio passes through zero when the shear traction
changes from being leading edge (q(x) < 0) in character near the contact edge to being trailing
edge (q(x) > 0) in character when x/d0 > 4. A horizontal dashed line is shown in this figure,
which corresponds to an example coefficient of friction of f = 0.2. A vertical dashed line is also
included that illustrates the extent of slip within the asymptote, xs/d0, implied by violations of the
Coulomb friction condition, i.e. |q(x)| < fp(x), at this coefficient of friction.
As closure is implied throughout, the contact edge will be closed and stuck (Figure 2(a))
if f > gIrθ = 0.543. Recall that as x/d0 → ∞, the ratio q/p → gIIrθ = −0.219. So for
coefficients of friction in the range 0.543 > f > 0.219, there is leading edge slip followed by
11
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Figure 6: Plots of the magnitude of the traction ratio, |q(x)|/p(x), against position within
the asymptotic solution, x/d0, for (a) KI < 0 < KII , (b) 0 < KI , KII , and (c) KI , KII <
0.
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stick (Figure 2(b)).6 An approximation of the extent of slip, xs/d0, can be obtained in closed form
based on violations of the Coulomb friction condition as
xs
d0
=
(
f IIrθ (θint)− f · f IIθθ (θint)
f Irθ(θint)− f · f Iθθ(θint)
) 1
λI−λII
, (14)
where slip occurs for x < xs.
3.2 Case (b): 0 < KI , KII
Here we expect edge separation and an adjacent slip zone (Figure 2(c)) because the near edge
(mode I) eigensolution implies a tensile normal traction, i.e. p(x) < 0, but the remote (mode II)
eigensolution implies closure, i.e. p(x) > 0. Thus, the first step in restoring contact conditions
is to find the extent of separation within the asymptote, xo/d0. An approximation of this can
be obtained in closed form by determining the length over which the normal traction is implied
tensile, i.e. p(xo) = 0, which gives
xo
d0
=
(
−f
II
θθ (θint)
f Iθθ(θint)
) 1
λI−λII
, (15)
where separation occurs for x < xo. Thus closure is implied for x > xo, and the traction ratio in
this region is implied to be
q(x)
p(x)
= −

(
x
d0
)λI−1
f Irθ(θint) +
(
x
d0
)λII−1
f IIrθ (θint)(
x
d0
)λI−1
f Iθθ(θint) +
(
x
d0
)λII−1
f IIθθ (θint)
 , (16)
which is plotted against position within the asymptote in Figure 6(b). In this case, the shear traction
is trailing edge (q(x) > 0) in character for both mode I and mode II eigensolutions. We again
plot dashed lines to illustrate the implied extent of violations of the Coulomb friction condition
but this time for f = 0.7.
As before, an approximation of the extent of slip can be obtained in closed form and is given
by
xs
d0
=
(
−f
II
rθ (θint) + f · f IIθθ (θint)
f Irθ(θint) + f · f Iθθ(θint)
) 1
λI−λII
, (17)
where slip occurs in the range xo < x < xs. This expression is valid providing only that f >
|gIIrθ | = 0.219. If the coefficient of friction is lower than this, slip extends throughout the region,
i.e. xs/d0 →∞.
3.3 Case (c): KI , KII < 0
This case is more difficult to interpret, and it is less informative. In contrast to the previous cases in
which violations of the Signorini conditions originated from the edge of contact, and contact and
stick conditions were gradually restored as the observation point moved away from the edge of
6If f < 0.219, there is implied to be leading edge slip, stick, and then slip of opposite sign (i.e. trailing
edge) as the observation point moves in from the contact edge. The latter stick/slip transition is also given
by equation (14), but with f replaced by −f . In practice, it is very unlikely that this slip-stick transition
will actually occur because it is not implied until r  d0 (see Figure 6(a)) at which point the asymptote is
not relevant.
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contact, here precisely the reverse occurs. Violations of the Signorini conditions originate remote
from the contact edge, and contact and stick conditions are gradually restored as the observation
point approaches the contact edge. Of course, we must be extremely wary of making deductions
about violations originating from the interior of the contact, and we must interpret these results
accordingly.
As stated, the (mode I) region near the contact edge is implied to be closed, i.e. p(x) >
0, but the normal traction is implied to be tensile, p(x) < 0, in the remote (mode II) region.
However, although interior separation is implied within Williams’ solution itself, separation will
not be implied once the asymptote is ‘pasted’ into a finite problem if d0  a (as we shall see
in §4). Instead, the near edge (mode I) solution will dominate the state of stress and will imply
closure. However, in cases where d0/a is not large, this solution cannot be used, for although our
formulation implies interior separation, the higher order terms we have neglected are likely to be
important.
The implied point of separation, xo, is still given by equation (15) but now occurs in the
region x > xo. Similarly, the traction ratio is given by equation (16), but for x < xo, and is shown
in Figure 6(c). Notice the considerably magnified horizontal axis, chosen because separation is
implied for x/d0 > 0.335. Figure 6(c) also includes dashed lines to illustrate the slip extent
implied by violations of the Coulomb friction condition for f = 0.9. Note that there may be a
region of interior slip (depending on relative influence of the mode I, II terms, i.e. on the value
of d0, see §4), which will be leading edge in character. However, this slip zone will not extend to
the contact edge provided that f > gIrθ = 0.543. Here, the stick-slip transition point, xs, is given
by
xs
d0
=
(
−f
II
rθ (θint)− f · f IIθθ (θint)
f Irθ(θint)− f · f Iθθ(θint)
) 1
λI−λII
(18)
where slip occurs for x > xs.
4 Application to example problem
In §3 we brought out the implications of the asymptotic solution itself in terms of x/d0, which
therefore are completely general and can be applied directly to any contact with edge angle φ =
90◦. Furthermore, the general procedure can be applied to a contact of arbitrary φ, although the
implications will of course change. But these general results can be difficult to interpret, so we
now wish to see what they imply in the context the clamped cantilever (Figure 1) in terms of x/a.
To do this, we must simply scale the relevant results by d0/a. Recall that this quantity varies with
ratio of the applied loads, so we plot it over the range −0.12 < P/(ap0) < 0.12 in Figure 7(a).
In Figure 7(b), we then plot the implied extent of slip and (where applicable) separation for the
loading trajectory shown in Figure 5(a) in terms of x/a. Note that all analysis is with respect to
the upper corner.
From Figure 7(b), we see that when p0 is applied, case (a) ensues (see §3.1), and the contact is
closed. Hence, if f > gIrθ = 0.543, the contact will be stuck throughout (Figure 2(a)); otherwise,
leading edge slip is implied at the contact edge (Figure 2(b)). The extent of slip will nevertheless
be very small unless the coefficient of friction is quite low, i.e. f . 0.4. If the cantilever tip
is pushed downwards (P > 0), we see that initially the extent of slip (if present) is implied to
decrease monotonically in extent. It follows that because the slip increment now opposes the sign
of the shear traction, stick will occur everywhere. Notice that this is always the case, regardless of
the coefficient of friction.
The above remarks apply until we reach point (2) in Figure 7, i.e. P/(ap0) = 0.0143. A
further increase in the tip load produces a qualitative change in behaviour because the cantilever
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Figure 7: Plots for the clamped cantilever test rig showing: (a) the variation of d0/a
with the ratio of the applied loads, P/(ap0), and (b) the implied zones of stick, slip, and
separation at the contact edge.
root opens (Figure 2(c)). As this transition occurs, we pass through a regime where the loading is
purely mode II in character, d0 → 0, and the transition in response is from case (a) to case (b)
(see §3.2). From the figure, we see that if P is pushed only slightly past point (2), an observation
point moving in from the edge sees, in sequence, opening – trailing edge slip – stick (Figure 2(c)),
provided only that f > |gIIrθ | = 0.219. Larger values of P will see these regions of slip and
separation extend ever deeper into the contact until eventually they are likely to extend into the
region where the asymptote has no further relevance.
Let us return to the state where we have just applied the clamping pressure, p0, alone, but we
now apply the tip load upwards (P < 0). Initially, if f < gIrθ, then as the tip load is increased
in magnitude, the extent of leading edge slip will increase monotonically in extent until it fills the
whole asymptotic region. Conversely, if f > gIrθ, we will have stick everywhere. In addition, as
P is applied, the edge moves towards point (1), i.e. P/(ap0) = −0.0294, where d0 →∞, and the
cantilever root is subject to pure mode I loading. As point (1) is passed, we move into the case (c)
region (see §3.3), but note that d0/a is still very big (see top left hand corner of Figure 7(a)).
Thus, although the cantilever root response is case (c), the predicted interior separation and slip
do not occur within the physical body. Instead, the edge remains firmly closed and dominated by
a mode I field, and there is no immediate qualitative change in contact behaviour.
4.1 Other considerations
It is worth making a few comments on the accuracy of the results we have just presented. First,
although the example we have analysed is representative of common conditions in fatigue ex-
periments, too much should not be inferred from it (i.e. Figure 7(b)). These results are based
on calibrations for the particular case when L/a = 40 and with boundary conditions that are
representative of the test conditions reported by Juoksukangas et al. [8]. As noted in [20], the cal-
ibrations can sometimes be very sensitive to minor variations in the boundary conditions. Varying
L/a would also have a highly non-linear influence on the calibrations (equation (10)). Therefore,
when applying this method in practice, calibrations should be calculated for the specific problem
under consideration to make sure they represent the complex stress state at the contact edge as ac-
curately as possible. This of course does not change the form of the solution within the asymptote
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(i.e. Figure 6 and indeed all the results in §3 remain identical for any contact of φ = 90◦), but it
will change the implications for the finite problem (i.e. Figure 7).
Another thing to consider is: how accurate are the calibrations at, say, the upper corner when
slip or separation is implied to occur at the bottom corner? The most rigorous answer is that if
the stress state at the contact edge changes, so too do the calibrations. However, recall that this
approach is useful only when slip and/or separation remain near to the contact edge and within the
region where the asymptote dominates behaviour, i.e. r  a; otherwise, it should not be applied.
Thus, as this contact edge region is necessarily small, small amounts of slip or separation at, say,
the upper contact edge should have minimal influence on the results at the lower contact edge.
5 Discussion
The purpose of the analysis we have presented here is to provide engineers with a useful technique
for designing and analysing complete contact experiments. Our interest in this subject, and the
application where this analysis is perhaps most useful, is for contacts subjected to fretting fatigue
conditions, where the load amplitude is relatively low (i.e. not fretting wear or macro-slip con-
ditions). The motivation for this analysis is that, unlike tests on incomplete contacts subjected to
similar loading regimes for which edge-slip invariably occurs, it can be unclear whether a com-
plete contact test configuration will actually result in partial-slip conditions or if the contact will be
fully stuck throughout the loading. Although it is not yet clear which of these circumstances, i.e.
partial-slip vs. full stick, is better for fatigue performance, we expect the details of the slip/stick
behaviour at the contact edge to play an important role.
The primary, and most reliable, output from our analysis is information about the behaviour
at the contact edges; specifically, which of the three states shown in Figure 2 are implied to occur,
viz. closed and stuck, closed and slipping, or open and slipping. Of course in practical loading
regimes (e.g. Figure 5(a)), it is common for the contact edges to alternate between states, and
our approach provides accurate information on if (and when) these transitions will occur. Indeed,
this information is obtained much more accurately than would be obtained using typical numerical
methods, which commonly suffer from convergence issues due to the very steep stress gradients
near the contact edges. Moreover, much of this information can be deduced from the implications
of the mode I eigensolution alone, so this analysis is very easy to apply to any contact angle or
test configuration.
We remind the reader that all of our analysis is based on the assumption of a bilateral con-
tact interface; indeed, when we quantity the extent of slip or separation, we do so by consider-
ing violations of the Signorini conditions implied by Williams’ (bilateral) solution. We adopted
this approach not only because of its mathematical simplicity and ease of application in practice
but also because we are more interested knowing with confidence what qualitative behaviour is
implied at the contact edges (Figure 2) than in quantifying slip or separation extents with great
precision. This is because this information enables us to design complete contact tests that excite
specific types of contact edge behaviour, so we can compare the isolated influence of each of these
on fatigue performance. In addition, in the context of fatigue experiments and cyclic loading, it is
very likely that some frictional shakedown will occur, reducing the extent of slip during the course
of the loading history [23–27].
As the results for the true extent of slip and/or separation (for monotonic loading) have already
been presented in the literature for the φ = 90◦ case [15, 16], we can use these to assess the ac-
curacy of our closed form approximation of the extent of slip and/or separation. But, first, we note
that for the closed and stuck case (Figure 2(a)), our analysis is not approximate; it models con-
tact conditions accurately. Therefore, the results we obtained in §2.1.3 on the conditions required
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to maintain full contact (P/(p0a) < 0.0143) and inhibit edge slip (f > gIrθ = 0.543) are very
accurate.
For the closed and slipping case (Figure 2(b)), i.e. case (a) (see §3.1), the relevant results were
obtained by Churchman and Hills [15] who found that the true extent of slip is simply 2.4 times
greater than that implied by a calculation based on violations. Interestingly, they found that this
result is independent of the coefficient of friction. Of course this result will vary with φ, and must
be re-computed for each new contact angle. The true extent of slip and separation for the open and
slipping case (Figure 2(c)), i.e. case (b) (see §3.2), was obtained by Paynter et al. [16]. However, it
is more complex as the relative size of the zones of slip and separation depend on the coefficient of
friction, f . Specifically, they found that as f is increased, the slip zone decreases in extent while
the opening region increases in extent and vice versa. Thus, a direct comparison of these results is
out of the scope of this work but may be pursued in future work.
6 Conclusion
We have presented a useful technique for designing and analysing complete contact experiments.
To do this, we use the singular terms in Williams’ series expansion solution to represent the stress
state near the contact edge. From the implications of the singular term of the mode I eigensolution
alone, we are able to deduce the conditions for which slip and separation will be inhibited. We then
introduce an alternative notation that abstracts two alternative parameters from the generalized
stress intensity factors and highlights an internal length dimension within Williams’ (semi-infinite)
solution. When slip and/or separation is implied to occur near the contact edge, we obtain an order
of magnitude estimate of their extent in closed form. When larger slip and/or separtion is implied,
we derive only qualitative implications. We then apply these results to an example problem: the
clamped cantilever test rig presented by Juoksukangas et al. [8].
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A Williams’ solution angular eigenfunctions
The angular eigenfunctions, fnij(θ), used in our in our formulation of Williams’ solution are given
by [21]
f Irr(θ) =
cos[(λI − 1)α] cos[(λI + 1)θ]− λI−3λI+1 cos[(λI + 1)α] cos[(λI − 1)θ]
cos[(λI + 1)α]− cos[(λI − 1)α] (19a)
f Iθθ(θ) =
cos[(λI − 1)α] cos[(λI + 1)θ]− cos[(λI + 1)α] cos[(λI − 1)θ]
cos[(λI − 1)α]− cos[(λI + 1)α] (19b)
f Irθ(θ) =
sin[(λI − 1)α] sin[(λI + 1)θ]− sin[(λI + 1)α] sin[(λI − 1)θ]
sin[(λI − 1)α]− λI+1λI−1 sin[(λI + 1)α]
(19c)
f IIrr (θ) =
sin[(λII − 1)α] sin[(λII + 1)θ]− λII−3λII+1 sin[(λII + 1)α] sin[(λII − 1)θ]
sin[(λII − 1)α]− λII−1λII+1 sin[(λII + 1)α]
(20a)
f IIθθ (θ) =
sin[(λII − 1)α] sin[(λII + 1)θ]− sin[(λII + 1)α] sin[(λII − 1)θ]
− sin[(λII − 1)α] + λII−1λII+1 sin[(λII + 1)α]
(20b)
f IIrθ (θ) =
cos[(λII − 1)α] cos[(λII + 1)θ]− cos[(λII + 1)α] cos[(λII − 1)θ]
cos[(λII − 1)α]− cos[(λII + 1)α] . (20c)
Captions to figures
1. An idealized diagram of a clamped cantilever test rig.
19
2. Idealized diagrams of the three most likely types of contact edge behaviour: a) closed and
stuck, b) closed and slipping (leading edge), c) open and slipping (trailing edge). The
contact angle, φ, and the distance along the contact interface, x, are also shown.
3. An idealized diagram of the contact edge of a complete contact, where (r, θ) is a polar
coordinate set, θint is the angle corresponding to the contact interface, and 2α is the total
angle included within the notch.
4. Plots showing: (a) the eigenvalues, λI , λII , against contact angle, φ, and (b) the traction
ratios implied by the angular eigenfunctions, gIrθ, g
II
rθ , against contact angle, φ.
5. Plots in generalized stress intensity space showing: (a) a typical loading trajectory where
p0 is applied and held constant, and then P is applied, and (b) the values of d0/a that result
during this loading trajectory.
6. Plots of the magnitude of the traction ratio, |q(x)|/p(x), against position within the asymp-
totic solution, x/d0, for (a) KI < 0 < KII , (b) 0 < KI ,KII , and (c) KI ,KII < 0.
7. Plots for the clamped cantilever test rig showing: (a) the variation of d0/a with the ratio of
the applied loads, P/(ap0), and (b) the implied zones of stick, slip, and separation at the
contact edge.
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